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EmMMARY
A setofequationsbaded.onthefirstmodeofwingbendi~is
presentedfordeterminingthedynmnicresponsesofanalrplanowing
structureasinducedbyguets.Therepresentationoftheairplaneis
suchthattheaerodynamicdampingofthevibratorymotionofthewing
isseparatefrcmthatofthe7erticaimotionoftheairplaneasa
whole.Aneasilyevaluatedsolutlonoftheequationsfora unit--@np
forcingfunctionisalsopresentedwhichmaybebuiltuptodetermine
theresponsetoanyforcingfunction.A chartIsincludedbywhich,
fora conventionalairplane,a typicalforcingfunctionfo~any
gradientgustmaybechosenquickly.
SatiefaotoryagreementwithinthelimitsGfaccuracyofthedata
wasfoundina comparisonfcalculatedresponseofa semirigidtest
modelwithexperimentalresults.
INTRODUCTION
Thedynmrdcrespcnseofaf.rplanewingstogustshasbecomeof
greeterinterestm thesizeandspeedoftransportandbombertype ‘
airplar.mhaaincreased.KEssner(reference1)setsforththegeneral
equationsfordeterminingthisresponse,but the complexity ofthe
solutionoftheseequationshasledmostinvestigatorstomake
simplifyingassumptionsinordertoreducetheequationstoa foznl
whichismorereadilysolved.Inreference2,theassumptionsmade ““
reducetheequationstothosefora biplanequivalentwhichsimulates
theflmdsmentalnodeofbendhgofthewingo.?theactualairplane.
A comparisonfcalculationswithtsstresultsinreference2
indicatesthatthemethodusedyiehtsmaxinnunvalueswhichare in
goodagreementwiththetestresultsbutthatthecalculatedtime
historiesoftheresponsesdonotagree weli.Thereasonforthe
disagreementwasfoundtobetlmt,withthebiplanequivalent,the
aerodynamic-dampingcoefficientsofthewingbend~ngandthe airplane
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asa whole,whichvaryinrelativeimportance,areapproximatedby
a singleconstantineachdampingtemn.
Inviewofthelimitationsofthemethodofreferenoe2,the
methodpresentedhereinwasdevisedtoprovideaerodynamicdamping
thatismorerepresentativeoftheactualcase.Althoughitwas
derivedindependentlyfromtheconoeptsoftheeffectsofstability
andunsteadyliftusedigreference2,theflexuralsystemwas
consideredinmuchthesamewayasitwasconsideredbyWilliams
andHansoninreference3.
Solutionsoftheequationsofthepresentmethodfora uniti-
$mrpforcingfunotionareaho presented.Thesesolutionsmaybe
builtupintotheresponsetoarbi,tr~toroingfunotionswithmuch
lesslaborthanwhen,asinreferetie2,a directsolutionforeaoh
foroingfunctionisperformed.
Aleopresentedisa comparisonftestzwsultsforthesemi-
rigidmodelofreference2withresultscalculatedbythepresent
method.Inaddition, a chartispresentedtoenablea typical
foroingfunctionforanygustgradientdtstanoetobechogenquickly
fora conventionalairplam.
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SYMBOLS
time,seoonds
airdensity,slugsper cubicfoot
slopeofliftcurve,perradian
forwardvelocity,feetpersecond
grosswingarea includingareai~teroeplxMby
fuselage,squarefeet
netwingarea,squarefeet —
interceptedfuselagearea,squarefeet “ -
coordinatealongspanofwing,feet
massofwingperunitspan,slugsperfoot
wingchordasa functionofwingspanwimestation,feet
.
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L
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be
fw
fWf
K
Fw
Ff
Ate-bt
rootchordofwing,feet
tipchordofwing,feet(taperedwing)
U
‘6- Sf
normalizeddeflectioncurveofwing,
~
absolutedisplacementoffuselage,positiveupward,feet
deflectionfwingtipwithrespectofuselagefrom’steady
flightcondition,positiveupward,feet
absolutedisplacementofanystationonwing,positive
upward,feet -
totalmassofairplane,
fuselsgemass,slugs
wingmass,slugs
—.-
Sluga
equivalentwingmass,slugs
-.
dampingcoefficientofairplane,pound-secondeperfoot
fuselagedsmpingcoefficient,pound-secondsperfoot
wingdampingcoefficient,pound-secondsperfoot
equivalentwingdsmpingcoefficient,pound-secondsperfoot
naturalfrequencyofwing,fuselage,fixed,cyclespersecond
,+
naturslfrequencyofwing-fuselagesystemaboutnodes,cycles
persecond
springconstant,heupwd forceonfuselageduetoboth
wingswheninassumedeflectionshape,perunittip
deflection,.poundsperfoot
fractionofforcingfunctionactingcnwing
fractionofforcingfunctionactingonfuselage
forcingfunctionasswnedforconventionalairplane
Ana,
A=— at bt= 1 or A=WbeAna
~e-bt
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&. arbitramload-factorincrementthattheair@snewould
C4
experienceifithadnovertical
thegust,g
w tdelweightofairplane,pounds
% timetoreachforcingfumctionpesk
% timetoreachgustpeakfromentry,
1 (Junit- ,jumpwing forci gfunction‘
‘]=1 for t>O T
%e ‘
‘“q
mf
!.3. —
MT
z, real rootof
* realpartof’
motiona%ittraversed
from qtxy, seconds
seconds
=0 for t<O
equationz3+(Tp B)z2+(7+7@z+ 7=0
complexrootsofforegoinge~lza.tion($= -%9
Q ‘imaginarypartofcomplexrootofequa%iog_reyref30ntidbyZ
.
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E= PZ2+QZ+7
.,-
B= LZ+N
METHODOFANALYSIS
Equations
Inthederivationfthepresentequqtionsforthedynamic
responseofairplanewingstogusl%,certainoftheinitialassump--
tionsarethesaneasthoseofreference2,”namely:
(a)Theloadingiss-trical
(b)Onlythefiretmodeof’bendingisimportant
(o)Thedeflectionatanypoint on thewinghaybeexp~ssed
withthenecessa~accuracyas g(y) timesthetip
deflectionrelativetothefuselagewhereg(y) is
variablewithspembutindependentoftime
(d)Dempingvarieslinearlywithverticalvelooity
Insteadofthebiplanequivalentofreference2,however,theai~
planeisconsideredasshowninfigure1. Withthisrepresentation,
theequationforthesummationfthevez%icalforcesonthefuselage
undertheunit-$unp-typeforci~functionFfl is:
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[1)
andtheequationforthesumnatioriftheverticalforcesaverthe
entirewi& underthecorrespondingfcnmingfunction.Fw~ iS:
(2a)
Whentheindiaated
to:
&28f+ ~ ‘Bf+
%—
~t2 z
Theadvantage
integ~*ationsareperformed,equation(2a)reduces
~ d2b~ d6d-—+~e-& + ~tid= Fw1 (2b)
e dt2
ofusingthepresentconceptoftheairplaneas
.
.
—
.
showninfigure~ overthe-bipl&eequivalent-ofre erence-2is
immediatelyapparentwhenthedsmpi~termsofequations(1)and
(2b)areexamined.Thedampingoftheverticalruotionftheai% .
planeasa wholeisnowseparatedfromthedampingofthevibratory
motionofthewing,whiuhthuseliminatesthenecessityforthe
ffomp-semadetorepresentthedampingwhenthebiplanequivalent
isused.Thisresultipaahievedbyredefinitionofthemassand
massdistributionandbybasingthedampingoftheequivalentw ng
massonthevibrationalvelooityrattirthanonitsabsolutevertical
velooity,
Thesolutionsof equations(1)and(2b)underactionofthe
unit-jumpforcingfunctionforthefuselageaoceleratfoninorement,
wing-tipaccelerationIncrementrelativetothefuselageinorement,
andthewing-tipdisplacementrelativetothefuselagewiththe
d~f
Initialconditionsofsteadyfljight,when bf= 6&=-”— ~soa~:dt = dt
{
I? “t[(+).0s #-kd%f 1 E–t+eM
—=-K Fe&t2
( ‘)sin~fltj I+:w+FZ+Q+~ (3)
.
.
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(4)
(5)
Theaccelerationinorementofanypointonthewingrelativeto
theground,whichisofinterestin certaindestgnproblems,meybe
foundfromtheequation
Iftheappliedgustisassumedtobeuniformacross thespanof
theairplanesothatthedistributionofforcin$functionissimiiar
tothatofthedampingofthevertioalmotion,thatis,if
1 Ff Fw
—= q=&’?U equations(4)and(5)maybesimplifiedto:
,$’’[(+)..s;.,
(7)
If,ina givencase,itis
wouldinvalidateheresults,a
feltthattorsionofthewing
first approximationto theresponse
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ofthefirstcombinedbending-torsionmodemaybeobtainedbythe
redefinitionofthespr~ constemt,heequivalentwingmass,and
thewingdampingcoefficienttotakeinto accounttheaddedegree
offreedom.Termswhichcontain theredefinedconstantshenmerely
replacethetermspreviouslyused.whenequati,one(3),(4),and(5)
. areevaluated.
EvaluationfConstants
Q2Qwcoeff~c~=t=*- Thedampingcoefficientsareevaluated
‘% Pm isthetermd% pfromtherelationA = 0.75~Z SV where~p
forthesteadyliftperunitverticalvelocityincrement.An
effectivedampingfactorof0.75isinsertedtotakecsreoftilelag
inliftandvariabledampingoftheactualcaee.ThesimplMying
assumptionfa constanteffectivedsmptigfactoratherthenthe
veri.ablefactoroftheexactheoryis@stifietby+aseri,esoftests
andcomputationsreportedinreference2. Thedampingcoeffi.cfents
me therefore
.
Thecoefficientkwe includesthevariationfwingvelocity
relative to thefuselageinaccordancewit,htheassumedwingdeflec-
tioncurve.Ifthedeflectionfthewjmgisassumedtokvarywith
isqwreofthedistancefromthero:t,Awe willequal~w for
.
()”hw Cs -1- 3Ct fortaperedwingfl.ellipticalwings,and —6 CS+C~
Spriw constentendequivalentwingmass.-Whenthe
wingmass~e isdetemlnedfromthedefinitbn
4?
ip
%e=2 m(y)g(y)dy, thespringconstantK may
Oot
from~e endeitherofthenaturalfrequenciesfw or
equivalent
.
becomputed
fe , If’the “
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fuselageisfixedandnodsinpingispresent,thesolutionforthe
{–
naturalfrequencyofthewing.Leadsto fw=;- “ —--,”-Inthe
:e
casevhere.thewing-fuselage’cambhationiofreetovibrateabout he
naturalnodes,thesolutiongivesthefrequenoyfwf=~
v M$f “
Forcingfunction.-Theforcing-functionratiosFf and FV
maybeevaluatedfrcmtheassumptionthattheforcin&functionf rces
.
‘fare distributedproportionallytothedampingforces;thusFf=~
A~
and Fw=~ and,althoughthisassumptionmaynotbeexactlyoorrect,
itallowsFf and Fw toremainconstant throughoutthe time history.
. Solutionforrootsofauxilia~equation.-Inorderto
.—— .dete~nethesolutionofthediffer~ritialequations,thecubic-—.—.
z3+(~+f3)z2+(7+qB)z +7=0
mustbesolvedforthethreeroots,Z,V+ifl, and”~-i~. For
typicalcases,thevalue of Z hasbeenfoundtobebetween-1.000
and-1.020,andcanbedeterminedwithsufficientaccuracyby
straightlineinterpolationofthevalueofthecubicat
z =-1.000andz =-1.010.Thevalueoi?$ isthen-K+&@..
2
—, -.
Determinationof ReeponsetoGusts
Inordertodeterminetheresponseoftheflexibleairplaneto
a givengust,a forcingfunctionrepresentingtheforceso-ntheai~
planewhenconsideredtoberigidiscombinedwiththeresponseof
theflexibleairplanetotheunit-jumpforcingfunctionbyuseof
Duhsmel~sintegral.Sinceequations(1)and(2b)containterms
representingthedampingoftheverticalmotionoftheairplanem
a whole,theforcingfunctionrepresentingthegustneedon~ycontain
theeffectsoftheimposedgustandofthepitchingstabilityofthe
airplane.Althoughthefunctionmaybecomputedforeachgustshape
andforeachairplane,itwasfound(reference2)thatformost
conventionalairplanestheforci
a curve ofthegeneralformAte
ngtfuuctioncouldbereprosentedby
. Inorderthat,fora given
airplane$the function represent a specif’io gust shape, a re~ation
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mustbeestablishedbetweenitandtheehapeofthegust.Ithas
beenfoundthatifa r~gidairplanemodel,isflon-througha gustof
a standamishape(that3.B,onehavinga l.i,nearincreaseofgust
velooitytoa M&ximumvaluewhichismaintained),reaohingthe
maximumatthetime tG afterenteringthegust,theacceleration
recordoftheairplanewillshowa maximumatapprmimatelythe
time tG (reference4). Thedesiredrelation
whiohthemaximumacce].erati.onoftheflexible
rigid,0CGUrf3at tJG,Theequationcontaining
is, therefore,onefor
airplane,ifconsidorod
thisrelation
maybeobtainedfrom the equation
airplanetotheimpreseedforcing
forthereactionoftherigid
function
(lo)
~ ~+ ~ ~+ .Ate_~t (11)dta dt
bysolvingfortheaccelerationanddetezmlni.ngthetime bG to
peakacceleration.Ifthedimensionlessvalues‘t and &GMF are
used,thesolutionsofequation(10}meqybeexpressedasthesingle
curveinfigure2, Thus,valuesof tF) whioharetheinverseof
b, maybeobtaineddirectlyfrcmtG.
APPLICATIONOFMWi’HOD
Sincetheabsolutevaluesoftheresponseofanairplanetoa
knowntruegustvelocitycannotbedetemninedatp~esent,thearbitra~
multiplyingconstant A isusedinthefo~~i~-functionequation,
Byapplication of the methodsoutlined in reference 2,however,the
ratiosofthe@amiu responseetotheresponsesunderse-called
staticaonditicmsaybecomputed.Theseratio~,whichareinde-
pendentofthearbitrargconstant,arethenusedasmultiplying
faotorstothecorlwsyondingstressesandacceleration increments
determinedbynormalstaticdesignproceduretodeterminethose
responeesunderdynamiconditions,
l
.
.
.
.
.
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COMPARISONFTXIIKIRYANDTESTS
Asamm,sureoftheaccuracywhichmightbeexpectedfromthis
theory,responseshavebeenoomputedforthesemirigidmodelreported
Inreference2 andarecomparedhereinwithtestresults.The
qualityofthetestresultsandthefactorswhichmaycausedifferences
betweentheoryandtestresultshavebeendiscussedinco~slderable
detailinreference2 andwillnotbementionedfurther.
A lineardeflectioncurve was used for g(y), the deflectionf
thewing,anditwaeassumedthattheliftanddsmpingforcesonthe
fuselagewerenegligibleandcouldbesetequaltozero.Thespring
constantsforthetwofrequmoieetestedandothercoefficientswere
evaluatedfromtheorighal test databutmaybeobtainedfz%mthe
equivalentvaluesgiveninreference2.
Infigure3areshownthetheoretical curves for thevariation
with@#t gradientdistanceoftheratioofthemaxinumwi~tip
deflectiontothemaximumfuseiageaccelerationfortwowing
frequeumies,andthetestresultsareplotted.thereonforcomparison.
Itshouldbenotedthat,thestraighthorizontallinesobtainedare
forthetesthingedti.ngwithnofuselageliftanddsmping.Inthe
generalcase,thelinewould,hemesomecurvature,thedirectiona d
magnitudeofwhichwoulddependonalltheairplaneandgust-shape
parameters.
Attilehigherfrequenciesinfigure3.theresee~ tobea
tendencyfoi*thecurvestofalla littlelowforlothwings.This
resultcould indicatethattheactual frequencyofthewingswas
notquitesohighaa26:1oyolespersecondbut,becauseoftheeeatter
ofthepoints,nothingdefinitecaqbeconcluded.Consideronly
theleftwing,whichaccordingtoreference2 producedthesetof
wingdatamorelikelytobecorrect.ThepointsareDotedtofit .
a straighthorizontalline.Inthecaseofcurvesforthelower
wingfrequency,thescatterappearslargerbut,ona percentage
basis, is not. Thetendencyisforthedatafortherightwingto
fallhighandthatfortheleftwingtofalllow.Sinceitappears
(reference2)thattherightwinghirgetendedtobuckle,the
indicateddifferenceswouldbe e~ected.Again,nodefinitecon-
clusionscanbedrawn,althoughthestraighthorizontalli~eseemsto
bea goodfittothetestpoints.
Sampletestwin&tipdeflectioncurvesarecomparedwiththe
calculatedourvesforthreegustgradientdistancesfora wing
frequencyoi’13.5cyoJ.espersecondinfigure4,andfora wing
frequencyof26.1cyclespersecondinfigure5. Itwillbe“noted
thatinallthecurvesthedata are plottedastheratio“8d/~
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eothatpredictionfthemagnitudeoftheforcfngfunctionfrom
thegustvelocityisnotnecessary.
Theagreementbetween.theshapesofthecalculated“endthe
experimentalcurvesissatisfactoryineverycase,especiallywhen
itisconsider@thatthegeneralfor$ingfunctionAte-btwas
usedinthecalculations andthat msnyunknownfactorscancausethe
%es%results to d.eviatofromthosefortheassuraedcondition.The
timingofthepeaks,whichdependslargely on the natural frequency
ofthewings,isgocd,exceptforthesharp-edgeuet,wherethe
use ofanaverageffective4.6-cIwxi~sdimt distance,assuggested
inreference2,forcomputingallresponsesforthe.@st.n@elwould
affectheresults.Theemountofdsmpin~oftheveriouscurvo6,
however,seemstobe somewhatunderestimatedinthecomputation.
Sincethefuselage-accelerationcurveeofthetests howevenmore
dampingpresenthanthecalculations,itappearsthata small
amountoffusel.a~edempingshouldbeinclu@ed.Inthecaseofthe
conventionalairplane,thisfuselagedampinghasbeensnowedforin
thetheorybyuseoftheinterceptedwingarea,anddeviations
betweentheoryendtestfromthiscauseshouldbeminor.
Comparisonftheresultshowninfigures&._and5 withsimilar “
resultsgiveninfigures13@ 14ofreference2 indicatesthatthe
methodofaccountingforthedampingdistributioninthepresent
paperyieldscalculatedtimehistoriee~fresultsthataremorein “ “-
coni%rmitywithactualconditions,Althoughthetwomethod~yield
about hesameresultsforthemaximumresponsestosinglegusts,the
timehistorieed terminedforsinglegustsbyti~epresentmethod
arebelievedtobemoreaccurateforuseinbuildingupthereactions
torepeatedgusts.
CONCLUDINGREMARKS
A comparisonftestresultsona semirigidmodeltiththe
resultsofcalculationsmedebythemetho~presentedindicates
thatanimprovementha8beenmadeinthecalculationofthetime
historiesofwingdeflectione daccelerationncrementswithout
impairingtheaccuracyofthecalculationofmaximumvalues.In
addition,thesolutionofthebasicequationefortheunit-~wp
forcingfunction,togetherwiththepresentationofa chartfor
determininga suitablef’orcingfumctionfora given:gust,has
materiallyreducedthetimenecessaryformakinga setof
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calculations of the dynmic responseof the wingsof a conventional
airplsne to R gust.
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